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Kambe [7, 8]
$L_{A}=- \int(\mathcal{L}_{t}^{*}[A])_{i}\Omega^{i}d^{3}x$ , (1)
$\Omega=(\Omega^{i})$




$L_{main}= \int\Lambda_{main}d^{3}x$ , $\Lambda_{main}=\frac{1}{2}\rho\{v,$ $v\rangle-\rho\epsilon(\rho, s)$ , (2)
$l$ $( d/dl)\int$
$\Lambda_{main}$ Euler-Lagrange (Appendix A)
(1) $L_{A}$ $\Omega=(\Omega")$
$( d/dt)\int$ [1, 7, 8] $L_{A}$
3 PartI $L_{A}$
Clebsch Parametric solution (App. B)
2
:
: $J= \int\Lambda(v, \rho, s, \phi_{;}\psi, A, \Omega)d^{4_{X}}$ , $d^{4}x=dtd^{3}x$ , (3)
A :
$\Lambda(v, \rho, s, \phi,\psi, A_{;}\Omega)=\frac{1}{2}\rho\{v,$ $v\rangle-\rho\epsilon(\rho, s)-\rho D_{t}\phi-\rho sD_{t}\psi-(\mathcal{L}_{t}^{*}[A])_{i}\Omega^{i}$ , (4)
$\rho$ $s$ ( ) $\phi(x, t)$
$\psi(x, t)$
: $v,$ $\rho,$ $s,$ $\phi,$ $\psi,$ $A$ $\Omega$
$\delta J=\int_{V\otimes I_{t}}\delta\Lambda(v, \rho, s, \phi, \psi, A, \Omega)d^{4}x=0$,
$v_{i}+\delta v\iota,$ $\rho+\delta\rho$ , $s+\delta s$ , $\phi+\delta\phi$ , $\psi+\delta\psi,$ $A+\delta A$
$\Omega+\delta\Omega$ $\Lambda[_{i}?),$
$\rho,$ $s,$ $\phi,$ $\psi$ , A., $\Omega]$ A $\delta\Lambda$ :
$\delta\Lambda$ $=$ $\delta\uparrow)i$ $[\rho(v_{i}-\partial_{i}\phi-s\partial_{i}\psi)-\Omega_{k}$ $\Lambda_{k}+\Omega_{k}\partial_{k}\Lambda_{i}]i$
$+ \delta\rho(\frac{1}{2}v^{2}-h-D_{t}\phi-sD_{t}\psi)-\delta s\rho(D_{t}\psi+T)$
1 $D_{t},$ $\mathcal{L}_{t}[A]$ $\mathcal{L}_{t}^{*}$ :
$D_{t}$ $\equiv$ $\partial/\partial t+v\cdot\nabla$ , $\nabla=(\partial/\partial x^{i})=(\partial_{i})$ ,
$(\mathcal{L}_{t}^{*}[A])_{i}$ $\equiv$ $\partial_{t}A_{i}+v^{k}\partial_{k}A_{i}+A_{k}\partial_{i}v^{k}$ ,
$(\mathcal{L}_{t}[\Omega])^{i}$ $\equiv$ $\partial_{t}\zeta\}^{i}+v^{k}\partial_{k}\Omega^{i}-\Omega^{k}\partial_{k}v^{i}$ , $\partial_{k}f1^{k}=0$ ,
44
$+\delta\phi$ $(\partial_{t}’\rho+\nabla\cdot(pv))’-\partial_{t}(\rho\delta\phi)-\nabla\cdot(pv\overline{\delta}\phi)$
$+\delta\psi$ $(\partial_{t}(\rho s)+\nabla\cdot(\rho sv))-\partial_{t}(\rho s\delta\psi)-\nabla\cdot(\rho sv\delta\psi)$.
$-$ $(\mathcal{L}_{t}^{*}[A],$ $\delta\Omega\rangle+\langle\delta A_{:}(\mathcal{L}_{t}[\Omega]+\Omega\partial_{k}v^{k})\rangle$ ,
$(\partial\epsilon/\partial\rho)_{s}=p/\rho^{2}$ , $(\partial\epsilon/\partial s)_{\rho}=T$ , $h=\epsilon+p/\rho$ .
$\delta_{1^{1i}},$ $\delta\rho,$
$\delta_{9}$ , etc. $\overline{\delta}J=\int\delta\Lambda d^{4}x=0$
:
$\delta v_{i}$ : $\rho(v_{i}-\partial_{i}\phi-s\partial_{i}\psi)-\Omega_{k}\partial_{i}A_{k}+\Omega_{k}\partial_{k}A_{i}=0$ , (5)
$\delta\rho$ : $2^{v^{2}-h-D_{t}\phi-sD_{t}\psi=0_{)}}$ (6)
$\delta s$ : $D_{t}\psi+T=0$ , (7)
$\delta\phi$ : $\partial_{t}\rho+\nabla\cdot(\rho v)=0$ , (8)
$\delta\psi$ : $\partial_{t}(\rho s)+\nabla\cdot(\rho sv)=0$ , (9)
$\delta\Omega$ : $\mathcal{L}_{t}^{*}[A]=0$ . (10)
$\delta A$ : $\mathcal{L}_{t}[\Omega]+\Omega\partial_{k}v^{k}=\partial_{t}\Omega+\nabla\cross(\Omega\cross v)=0$ , (11)
$\partial_{k}\Omega^{k}=0$ . (12)
( ) (5) $v$ :
$v$ $=$ $\nabla\phi+s\nabla\psi+\frac{1}{\rho}w$ , (13)
$w=(w_{i})=\Omega^{k}\nabla A_{k}-(\Omega\cdot\nabla)A=\Omega\cross(\nabla\cross A)$ , (14)
$w_{i}=\Omega^{k}C_{ik}$ , $C_{ik}=\partial_{i}A_{k}-\partial_{k}A_{i}$ . (15)
$\delta\phi$ $\delta\psi$ :
$\delta\phi$ : $\partial_{t}\rho+\nabla\cdot(\rho v)=D_{t}\rho+\rho\nabla\cdot v=0$ , (16)
$\delta\psi$ : $\partial_{t}(\rho s)+\nabla\cdot(\rho sv)=0$ .
(16) 2 :
$\partial_{t}s+v\cdot\nabla s=D_{t}s=0$ . (17)
$\omega=\nabla\cross v$









$D_{t}\rho=$ $-\rho(\partial_{k}v^{k})$ , [ (16) ] (20)
$D_{t}(\nabla\phi)$ $=$ $\nabla(D_{t}\phi)-\partial_{k}\phi\nabla v^{k}$ , (21)
$D_{t}(s\nabla\psi)$ $=$ $sD_{t}(\nabla\psi)=s\nabla(D_{t}\psi)-s\partial_{k}\psi\nabla v^{k}$
$=-s\nabla T-s\partial_{k}\psi\nabla v^{k}$ . (22)
(17) (7) (15) $w_{i}$ $D_{t}$
$D_{t}w^{i}$ $=$ $D_{t}(\Omega^{k}C_{ik}^{Y})=D_{t}(\Omega^{k})C_{ik}^{\gamma}+\Omega^{k}D_{t}(C_{ik})$ . (23)





$D_{t}w$ $=$ $-w_{k}\nabla v^{k}-(\partial_{l}v^{l})w_{i}$ , $w_{k}=\Omega^{l}C_{kl}$ . (24)
(20), (21), (22) (24) (19) :
$D_{t}v$ $=$ $\nabla(D_{t}\phi)-(\partial_{k}\phi+s\partial_{k}\psi+\frac{1}{\rho}w_{k})\nabla v^{k}-s\nabla T$
$=$ $\nabla(D_{t}\phi)-v_{k}\nabla v^{k}-s\nabla T=\nabla(D_{t}\phi-\frac{1}{2}v^{2}-sT)+T\nabla s$ .
(6) (7) :





$L_{L}= \int\sum_{k=1}^{3}B_{k}\cdot D_{t}a_{k}d^{3}x$ , (26)
$a_{k}(k=1,2,3)$ :
$D_{t}a_{k}=\partial_{t}a_{k}+(v\cdot\nabla)a_{k}=0$ , $k=1,2,3$ . (27)
46
:$D_{t}B_{k}=\partial_{t}B_{k}+(v\cdot\nabla)B_{k}=0$ , $k=1,2,3$ . (28)
$L_{A}$ :
$L_{A}=- \int_{V}(\mathcal{L}_{t}^{*}[A])_{i}\Omega^{i}d^{3_{X}}$ .
$A_{i}$ $\Omega^{i}$ (10) (11)
$\partial_{t}A_{i}+(v\cdot\nabla)A_{i}$ $=$ $-A_{k}\partial_{i}v^{k}$ , (29)
$\partial_{t}\Omega^{i}+(v\cdot\nabla)\Omega^{i}$ $=$ $\Omega^{k}\partial_{k}v^{i}-\Omega^{i}\partial_{k}v^{k}$ . (30)
$\partial_{k}\Omega^{k}=0$ $\partial_{k}A_{k}=0$ :
$v$ $=$ $\nabla\phi+s\nabla\psi+\frac{1}{\rho}w$ .
$w=\Omega\cross(\nabla\cross A)$ . $\omega$
$\omega=\nabla s\cross\nabla\psi+\nabla\cross(\frac{1}{\rho}w)$ . (31)
$\backslash$ Lin Lagrangian $L_{L}$
$v_{L}$ $=$ $\nabla\phi+s\nabla\psi+\sum_{k=1}^{3}B_{k}\nabla a_{k,}$.
$\omega_{L}$ $=$ $\nabla\cross v=\nabla s\cross\nabla\psi+\sum_{k=1}^{3}\nabla B_{k}\cross\nabla a_{k}$ . (32)
(Appendix B) Clebsch parametric solution
(31) (32) $\nabla s=0$
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1890 11 Sweden - Norway 60
Henri Poincare Three body problem [10]
Acta Mathematica (1890)
Oscar paper (1889) [11]
1890-paper Introduction
1985 Richard McGehee (Univ. Minnesota)
Poincar\’e paper $[13]$ Poincar\’e
1889-paper 1890-paper
1885-86 Acta Mathematica Vo17 King Oscar
[13]
2
. . . . . $\ovalbox{\tt\small REJECT}$
Poincar$\xi^{\backslash }’$,
Poincar6
Barrow-Green (1997) [12], Diacu &Holmes (1996) [13]
2
( 1) :
$S$ :Sun $J$ :Jupiter $P$ :Planetoid ( )
$P$ $S$ $J$
$F$
$F$ $F$ $I^{\supset}$ 2
Poincar\’e ( 1)
$q_{1}.q_{2},p_{1},p_{2}$ :
$q_{1}=\overline{OP}$ , $q_{2}=\angle POJ$, $p_{1}= \frac{d}{dt}\overline{OP}$ , $\rho_{2}=\overline{OP}^{2}\frac{d}{dt}(\angle POJ)$ . (33)
$[14]$
$\frac{dq_{r}}{dt}$ $=$ $\frac{\partial H}{\partial p_{r}}$ , $\frac{dp_{r}}{dt}=-\frac{\partial H}{\partial q_{r}}$ , $(r=1,2)$ , (34)
Hamiltonian: $H$ $=$ $\frac{1}{2}(p_{1^{2}}+\frac{p_{2}^{2}}{q_{1}^{2}})-np_{2}-F$.
2 $S$ $J$ $1-\mu$ $\mu$ Hamiltonian 1






lo e t igh $\backslash$
2. ( $\alpha$ : $\beta$ : ). [13]
$($ $)$ (b)











2 (1 ) [14] $q_{2}=\angle POJ$
$q_{1}$ $p_{1}$ : $q_{1}(q_{2}),$ $f)1(q_{2})$ .






$\theta$ , $v=\dot{\theta}$ , $t$ 3 $(\theta, v, t)$














$S$ $\mathcal{U}$ 2 $($ $4(a))$
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$y_{1}$ $y_{2}$ 3 $\xi$
$(?/\uparrow, \xi)$
$y_{1}$ $?J2$
$2\pi$ $y_{1}=0$ $(\xi, y_{2})$
( $\xi$ : $y_{2}$ : )
$S$ $\mathcal{U}$




$1-\mu$ $\mu\ll 1$ $\mu$ $\mu=0$
$\xi=const$ 3
[12]
1 $S$ $\mathcal{U}$ Poincar\’e [10]
5 2









$P(q_{0})=q_{1},$ $P(q_{1})=q_{2}$ , $\cdot\cdot\cdot$ ;




$q_{n}$ $S$ $n$ $p$
$q_{0}$
$S$ $\mathcal{U}$
Poincar\’e Doubly asymptotic Homoclinic
5 Poincar\’e :
$P$ $P^{-1}$ ( 4) $S$ $q_{0}$ $\mathcal{U}$
$q_{n}$ $q_{n}$
$q_{n}$ $q_{n+1}$ . $r_{n}$
$q_{n}$ $r_{n}$ Prima homoclinic orbits $($ $4(a))$
$P$
$p$ $S$ $\mathcal{U}$
$S$ $\mathcal{U}$ $S$ $\mathcal{U}$





4. $(_{a})$ (b) Poincare [13]
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$\ddot{x}-\mu(1-\gamma x^{2})\dot{x}+x^{3}=B\cos$ $\iota$ $t$ , (1)
$\dot{x}=dx/dt$ , $\acute \mathfrak{X}$ $=d^{2_{X}}/dt^{2}$ $B$ $l\ovalbox{\tt\small REJECT}$
$\mu$ $\gamma$
$1^{\iota=}0.2,$ $\gamma=8,$ $B=0.35$ ,



















1 3 Duffing :
$’\ddot{x}+k\dot{x}+x^{3}=B\cos t$ , (2)
$k$ $B$ $(k, B)$
$x(t)$
$k=0.10$ $B=12.0$
Japanese Attmctor (D. Ruelle 1980) $k=0.05$









: $(a)$ ; $(b)$ (

















–Variation with respect to particle coordinate –
We consider the following infinitesimal transformation of the position of particle $a,$ $xarrow$
$x’$ , and associated volume change $d^{3}x$ :
$x(a)$ $arrow$ $x’(a)=x(a)+\xi(a, t)$ , (1)
$d^{3}x$ $arrow$ $d^{3}x’=(1+\partial_{k}\xi^{k})d^{3}x$ ,
Then the variations of particle position and volume are $\delta x=\xi$ and $\delta(d^{3}x)=\partial_{k}\xi^{k}d^{3}x$. It is
shown in [1, 2] that other variations of density $p$ , velocity $v$ and entropy $s$ are given by
$\delta\rho=-\rho\partial_{k}\xi^{k}$ , $\delta v=D_{t}\xi$ , $\delta s=0$ .
The action $J$ is defined by (3) in the main text, where the Lagrangian density $\Lambda$ is given by
(4), which is written simply by A here. Variation of $J$ resulting from the above variations is
expressed as
$\delta J$ $=$ $\int d^{4}x[\frac{\partial\Lambda}{\partial v}\delta v+\frac{\partial\Lambda}{\partial\rho}\delta\rho+\frac{\partial\Lambda}{\partial s}\delta s+\Lambda\partial_{k}\xi^{k}]$ .
Substituting the expressions for $\delta\rho$ . $\delta v,$ $\delta s$ and $\delta(d^{3}x)$ , and requiring $\delta J$ vanishes for arbi-
trary variation $\xi^{k}$ , we obtain the Euler-Lagrange equation:
$\frac{\partial}{\partial t}(\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{l}}(v^{l}\frac{\partial\Lambda}{\partial v^{k}})+\frac{\partial}{\partial x^{k}}(\Lambda-\rho\frac{i\Lambda}{\partial\rho})(.=0_{:}$
(see [1, 2] for details). Using the expression $\Lambda_{main}$ of (2) for $\Lambda$ , we obtain the following
momentum conservation:
$\partial_{t}(\rho v)+\nabla\cdot\rho vv+\nabla p=0$ .
This reduces to the Euler’s equation of motion (25) by using the continuity equation (16)
and a thermodynamic relation.
B Generalized form of Clebsch solution
Generalal form of Clebsch solution is defined by
$v= \nabla\phi+s\nabla\psi+\sum_{k=1}^{3}B_{k}\nabla a_{k}$, (2)
$\frac{1}{2}v^{2}+h+\partial_{t}\phi+s\partial_{t}\psi+\sum_{k=1}^{3}B_{k}\partial_{t}a_{k}=0_{j}$ (3)
$D_{t}s=0$ , $D_{t}\psi=0$ , (4)
$D_{t}B_{k}=0$ , $D_{t}a_{k}=0$ . $(k=1,2,3)$ . (5)
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The third term of the velocity (2) and the last equations (5) are new terms. With the velocity
(2), we have $\omega,$ $\omega\cross v$ and $\partial_{t}v$ given by
$\omega$ $=$ $\nabla\cross v=\nabla s\cross\nabla\psi+\nabla B_{k}\cross\nabla a_{k}$ .
$\omega\cross v$ $=$ $(v\cdot\nabla s)\nabla\psi-(v\cdot\nabla\psi)\nabla s$
$+(v\cdot\nabla B_{k})\nabla a_{k}-(v\cdot\nabla a_{k})\nabla B_{k}$ ,
$\partial_{t}v$ $=$ $\nabla\partial_{t}\phi+\partial_{t}s\nabla\psi+s\nabla\partial_{t}\psi$
$+\partial_{t}B_{k}\nabla a_{k}+B_{k}\nabla\partial_{t}a_{k}$ .
where the symbol $\sum_{k=1}^{3}$ is omitted for terms including both $a_{k}$ and $B_{k}$ . Adding the last two
and using (4) and (5), we obtain
$\partial_{t}v+\omega\cross v$ $=$ $\nabla(\partial_{t}\phi+s\partial_{t}\psi+B_{k}\partial_{t}a_{k})$
$+(D_{t^{9}}.)\nabla\psi+(D_{t}l?_{k})\nabla 0_{\iota k}$ .
Last two terms vanish due to (4) and (5), and the first can be replaced $by-\nabla(\frac{1}{2}v^{2}+h)$ by
(3). Thus, this equation reduces to the following Euler’s equation:
$\partial_{t}v+\omega\cross v=-\nabla(\frac{1}{2}\tau^{2}+h)$ .
Namely, the set of equations (2) $\sim(5)$ is a solution of the Euler equation.
Recently, a new Eulerian variational problem was investigated by [20], with fixing both
ends of a path line in the variational calculus. This was based on the idea that the Eulerian
variation should coincide with that of the Lagrangian description. What they obtained was
the velocity $v$ equivalent to the following:
$v$ $=$ $\nabla\phi+s\nabla\psi+\sum_{k=1}^{2}B_{k}\nabla a_{k}$,
$\frac{1}{2}v^{2}+h+\partial_{t}\phi+s\partial_{t}\psi+\sum_{k=1}^{2}B_{k}\partial_{t}a_{k}=0_{;}$
$D_{t}s=0$ , $D_{t}\psi=0$ ,
$D_{t}B_{k}=0$ , $D_{t}a_{k}=0$ , $(k=1,2)$ .
Thus, the number of potentials $B_{k}$ can be reduced from three to two. This was made
possible because the density $\rho(t, x)$ is connected with the derivatives $\partial x^{i}/\partial a_{j}$ by the mass
conservation condition,
$d^{3}x=Jd^{3}a$ , $J= \frac{\rho(0,x)}{\rho(t,x)}=\frac{\partial(x^{1},x^{2},x^{3})}{\partial(a_{1},a_{2},a_{3})}$ ,
since the Lagrange parameter $a(t, x)$ is defined by $a(0, x)=x$ .
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